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1. (a)If v : [0,1] — C* is a closed path then show that there is a path
9 :[0,1] — C such that vy = expod

(b) For any closed path 7 in C and zeC\tr(v), define the index of z
with respect to 7, and find an integral formula (with proof) for the
index.

[15]
2. Let Q be a planar domain and f : Q@ — C continuous. If [ f =0 for

5
all closed paths 7 in 2 then show that f is holomorphic on 2. Give an
example to show that the converse statement is false, in general. [10]

3. For zeC, let G(z) = ze?* [] (1 + Z)e™ =, where v is a constant.

n=1
(a) Show that the above product converges locally uniformly on C.
Deduce that GG is an entire function.
(b) Find all the zeros of G. (Prove that your list of zeros is complete.)

(c) Show that there is a choice of the constant v for which G(1) =1
and G(z +1) = 1G(2). 20]

4. Let €2 be a simply connected planar domain with 0e€2. Let r, > 0 be
a constant. Let F = {feH(Q) : f(0) =0 and f(z) # £1 for all zeQ},

G = {geH () : g(0) = 5 and g(£2) does not contain any disc of radius

7’0} .
Let T : H(Q2) — H(Q) be defined by (T'f)(2) = cos(m cos(m f(2))), zeQ), feH(QQ).
(a) Prove that T is continuous (with respect to the usual topology on

))-

H(Q
(b) Use Block’s Theorem to show that G is a precompact subset of
H(Q).
(c) Show that there is a choice of r¢ for which T(G) 2 F. Deduce that
F is a precompact subset of H((2).

[5+15+20=40]

5. If f is a non-constant holomorphic function on a planar domain €2, then
show that there is a function & : Q@ — {1,2,3,--- } such that for each
ze€, f is exactly k(z)— to — one on some punctured neighbourhood of
2. [15]



